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BOUNDARY LAYERS IN FREE CONVECTION

V. V. Kuznetsov and O. A. Frolovskaya UDC 532.516.5: 532.526

The problem of free convection and mass transfer near a vertical wall is studied for the cases
where the motion is described by the classical Oberbeck-Boussinesq model and the model of
microconvection. In both cases, boundary layers are developed at high Schmidt numbers. For-
mulas for Nusselt (local and overall) numbers are obtained by solving the relevant problems for
these layers. Initial asymptotic forms are also considered.

Introduction. We consider the problem of free convection in a viscous, incompressible fluid near a
vertical wall (substrate) and transfer of an admixture in the case where the density of the solution depends
on the admixture concentration. The fluid flow that arises in this case is called free or natural convection.
Free convection has been much studied by various methods, including the boundary-layer method (see, e.g.,
[1-5]). In the present paper, we consider the case where the kinematic viscosity v and the diffusivity D satisfy
the condition D < v. At high Schmidt numbers Sc = v/D. a dynamic-diffusion layer with thickness of the
order of (Re? Sc¢)~1/* can be distinguished in the flow region. Outside this layer, the admixture concentration
differs only slightly from the average, and the flow regime depends on the Reynolds number Re as follows.
For Re < Sc!/2, the flow corresponds to the Stokes approximation. and for Re ~ Sc!/2, the flow is described
by steady Navier-Stokes equations. For Re > Sc!/2| there is also a purely dynamic laver with thickness of
the order of (Sc/Re?)!/?, which is adjacent to the dynamic-diffusion layer at the inner edge and the state of
rest at the outer edge.

Self-similar solutions are used to obtain formulas for Nusselt numbers Nu (local and overall) that are
similar to the formulas obtained in [3] from an analysis of the self-similar solutions for an ordinary dynamic-
diffusion boundary layer [2]. These formulas are also applicable to flows at moderate and low Reynolds
numbers. In addition, the proposed approach allows one to distinguish a dynamic-diffusion boundary layer in
the case of microconvection, where the Oberbeck—Boussinesq model is inapplicable. The model of microcon-
vection that can be used instead was developed by Pukhnachev [6]. A similar approach was used by Perera
and Sekerka [7] to study concentration convection. A comparative analysis of the velocity and concentration
(temperature) fields calculated using both models was performed by Goncharova [8, 9]. The possibility of
distinguishing a dynamic-diffusion boundary layer in microconvection (an ordinary boundary layer is not
distinguished) allows one to compare integral flow characteristics. such as Nusselt numbers, for these models.
For both models, initial asymptotic forms of the process are considered and formulas for Nu are obtained.

The method proposed can also be applied in the case of free convection near a vertical wall due to
a nonuniform distribution of the fluid temperature. In this case, the Prandtl number is used instead of the
Schmidt number, and concentration is replaced by temperature. However, situations in which the thermal
conductivity is much less than the viscosity are rare. At the same time, the case where D < v is typical.
For example, for growth of thin films from a solution—melt of semiconducting materials, v is of the order of
1072-1073 cm?/sec and D ~ 10™% cm?/sec.
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We consider the problem of determining the u and v components of the velocity vector v, the concen-
tration ¢, and the difference between the pressure and the hydrostatic pressure p in the region ¥ > 0 bounded
by an infinite vertical wall {y = 0}. The gravity force is directed along the Ox axis. In the (z, y) coordinates,
the acceleration of gravity has the form g = (—g,0). We assume that the density of the melt p is a linear
function of the concentration: p = po[l + B(c— co)]. Here pp and ¢y are the average density and concentration
of the solution and 3 = (1/pg) dp/dc = const (for definiteness, we set 3 > 0). Then, the equations of motion
in the Boussinesq approximation have the form

ou Ou Ou_ 1 0p 1/(62“ 8%u
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At the initial moment, we assume equilibrium
u‘t:o = ‘v’tzo =0, c’g:o = < ()
and the boundary conditions have the form
ulyzo = 'v‘ =0 ciy=0 =c.  co—zco, (6)

where ¢, = const > 0.

The microconvection problem is to find the concentration ¢, the modified velocity w = v+ 8DVe, and
the modified pressure ¢ = p/p; — gz + 3(v — D)DAc, where p = p.(1— B(c—cp)) 7}, that satisfy the following
initial-boundary-value problem:

%" + wVw — BD(VeVw — VwVe) + 82D*(AcVe — V|V /2)
= (1 - B(c~ c))(~Vgq + vAw) + 3(c - c)g. (7)
divw =0, % +wVe — BD|Ve = D(1 — B(e — co))Ac:
wl!t:o - w2‘t=0 = 0’ c‘t:o =% (8)
Jc
wy — 0, wQLFO = (D a—y‘ R c‘y:O = ¢, €= Co- (9)

Here w; and wy are the components of the vector w.

Boundary Layers in Steady Flow. Boundary conditions (6) and (9) in the problems considered
above do not depend on time. Therefore, after decay of the initial perturbations, the process becomes steady,
so that one can seek time-independent solutions of problems (1)-(6) and (7)—(8) ignoring conditions (5) and
(8). These solutions describe the longest and most important part of the entire process.

We note that system (1)—(4) has a solution of the form

u=v=0, p=0, ¢ = co, (10)

that satisfies all boundary conditions (6), except for the constraint on the concentration at y = 0. To resolve
this discrepancy, we determine the asymptotic forms of this system in the limit Sc — oo, treating (10) as
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the external solution. We assume that the problem has a certain length scale [, e.g., the dimension of the
substrate. We define the velocity scale by the formula U = /gB8l{co — c.). It is known [1] that problem (1)-
(6) depends on two dimensionless similarity criteria: the Schmidt number defined above and the Reynolds

number
5, o11/2
Re=Ul/v = [gﬂ(co —c)l /v ] . (11)
Below, we assume that
Re?Sc — 00 as Sc — oc. (12)

which is equivalent to small vD. Within the framework of this assumption, no restrictions are imposed on
the Reynolds numbers.
Let

z ~ 1 y ~ [(ScRe?)™V/4, w~ USc™Y/2, v ~ U(Sc® Re?) ™14,

p ~ poU?%(ScRe?)™1/2, c~ Cy.

Then, in Eq. (1) we have the following orders of magnitude:

u g;i v %él—; ~ UTQSC_I: ;}—0% ~ %2- (ScRe?)~1/2;
%}; ~ —Vl—Qq-Sc'l/z; v ?—Z—;ﬁ ~ EﬁqRe; g3(c —cp) ~ —U;
In Eq. (2), we have
u gv’ v g—z UT (Sc® Re?)~1/4; ;13 g‘z ~ —UZ—Q (ScRe?)~1/4;
”% —lfl—g (Sc® Re?)~1/4; v-g—zg ~ %gRe(ScReZ)_IN.

In the continuity equation (3). both terms are obviously of the same order, and in the transport equation (4},
we obtain the following orders of magnitude:
Oc dc  Uck « _1/2 8¢ Dc, &*c  De.
ugs. wa e~ STV Dopn S Do~
Yo Vay T o2 = 2 02" 2
We divide Eq. (1) by U2/, Eq. (2) by U%(ScRe?)~1/4/1, and Eq. (4) by c.U Sc™V/2/l. Passing to the limit
Sc — oo and taking into account condition (12) and the definitions of Re and Sc, we obtain the following
system of boundary-layer equations:

(ScRe?)!/2,

%y

Yo = gB(c — co); (13)
10p 8% ou Ov ,
ol U ST 1

dc dc 0%c
— —=D_—. 15
e +v Ay Oy? (15)
Equations of motion in this form have not been considered previously. The form of boundary conditions (6)
is unchanged. Of the solutions of problem (13)-(15), (6), we consider only solutions that have finite velocity

away from the substrate:
lim u(z,y) = ux(x) < o (16)
Y—00
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Here uoo(z) is defined in the process of solution of the problem. Problem (13)-(16), (6) describes the motion
in a thin dynamic-diffusion layer with thickness of the order of [(Sc Re?)~1/%, and outside the layer, ¢ ~ c;. In
this layer, the buoyancy and viscous forces are of the same order, and the inertial forces and the longitudinal
pressure gradient are negligible in comparison with them. In contrast to the case of a classical boundary
layer [2], the external representation for velocity is determined from the solution of the problem and not
from the matching condition. Obviously, the velocity-vector components and the concentration are obtained
separately from the pressure, which is determined by integration of the first of Eqs. (14) over y from y to oo
taking into account the continuity equation:

p(z,9) = peo(a) + pov (v() = 3°) a7)

Here poo(z) is the pressure at the outer edge of the boundary layer.

Since, in the general case, us(z) # 0, the solution of problem (13)-(16), (6) cannot be matched
with the external solution (10). To resolve this discrepancy, it is necessary to obtain one more asymptotic
form of the problem that should describe the motion in a region with asymptotic thickness greater than the
boundary-layer thickness considered above. In the limit Sc — oc. the following three variants are possible:

Sc/Re? — 0; (18a)
Sc/Re? ~ 1; (18b)
Sc/Re? — co. (18¢)

Let condition (18a) be satisfied. We seek the asymptotic form of system (1)—(4), assuming that
z~1, y ~ 1(Sc/Re?)1/4, w~USe V2, v ~ U(ScRe?)~ 14,

p ~ poU?(ScRe?)™1/2, ¢ = ¢

Comparison of the orders of magnitude of the quantities in system (1)—(4) shows that Prandtl's hypothesis
on the equality of the orders of magnitude of the viscous and inertial forces is valid. Denoting the velocity
components by u; and v, we obtain the system

ouy Juq 62u1‘

ul—a?-f-'l)la—:l/ayQ. (19)
dp du;  On
— = 0’ _— —_ = O, 20
oy Or + Ay (20)
and, from the matching conditions, we have the boundary conditions
U = U (), 7 =0, u; —0. (21)

y=0 y=0 Y00
Problem (19)-(21) describes the motion in a purely dynamic, thin (¢ = const) boundary layer whose thickness
is of the order of I(Sc/Re®)/4, i.e., asymptotically greater than the thickness of a dynamic-diffusion layer.
The dynamic layer problem differs from the classical problem in that the longitudinal velocity is specified at
the inner rather than at the outer edge. In this problem, the pressure can be considered zero for the following
reasons. From the first of Egs. (20), we find that the pressure p is the same as the pressure at the outer edge
of the boundary layer where p = 0 (the state of rest; the pressure is equal to hydrostatic pressure). Therefore,
in this case, po = 0 in formula (17).
Let condition (18b) be satisfied. We assume that

z~1, oy~ u~USTYZ y~USeV2,

p ~ poU%(ScRe?)™1/2 c=0.
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Comparing the orders of magnitude and taking into account condition (18b), we see that the motion is
described by steady Navier-Stokes equations of the form (1)—(3), in which the concentration is constant. The
boundary conditions have the form

u = = Uno(T), v - =0, “yfgéo‘ (23)
In this case, the velocity decays at finite distance from the rigid wall.

Finally, we consider condition (18¢). Finding an asymptotic form similar to (22), we see that, in this
case, the pressure gradient is of the same order as the viscous forces, and the inertial forces are negligible,
i.e., the flow is described by Stokes’s system with boundary conditions of the form (23).

Thus, to determine the velocity, concentration, and pressure fields. one should first solve the problem
for the dynamic-diffusion layer (without the equation for pressure) and calculate the external representation
for the velocity ues(x). After that. using this representation as the boundary condition, it is necessary to
solve the problem for the external asymptotic form (for the particular case), to determine p(z), and, finally,
to calculate the pressure in the dynamic-diffusion layer from formula (17). The problem for the dynamic-
diffusion layer is of greatest interest, since, by solving it, one obtains the velocity and concentration fields
near the rigid wall, which is the goal of calculations in most cases.

Let us determine the asymptotic form in the microconvection problem (7)-(9) in the limit S¢ — oc.
Assuming that the viscous and buovancy forces are of the same order and keeping terms of leading orders in
system (7), we obtain the following boundary-layer equations for microconvection:

dq FPwy  Ouwy  Ouws

v(1 - B(c~ o)) 55 = gB(c — co), " B Ty O
0 0 Oc\ 2 0? 2
c c c c
wi o+ way —ﬁD<'5y‘) —D(l"B(C—CO))W
The boundary conditions have the form
. dc
wy o 0, w y—o bTIj’y:O’ C|y=0 = Cay
(25)
€505 uqy—_—awm(x) < Q.

where the function weo(z) is determined during the solution.
Self-Similar Solutions. Mass-Transfer Formulas. We seek a solution of problem (13)-(16), (6)
in the form u = dv/0y, v = —0v/0z, and ¢ = cp + (co — ¢«)C(§). where the streamfunction ¥’ has the form

"”=m"‘“(“"g(c‘“C*)D3)1/4w(£) ¢= (393<co—c*>>‘/* y

27y 4vD /4
Then, Egs. (13)-(17) become
" = C, C"=-v(C". (26)
1t follows from condition (6) that
T(0) = ¥'(0) =0, C(0) = -1, C—0. (27)

From condition (16), we find that the external representation of the velocity must satisfy the conditions

198(co — ¢
lim W/(€) = U = const < 00,  Ueo(z) = \/—9—(&—‘3—)3 Uso. (28)
§—00 3Sc

The solutions of problem (26), (27) that do not satisfy condition (28) are not considered since they
have no physical meaning.

To characterize the mass transfer between the growing film and the solution, we introduce the overall
and local Nusselt numbers:
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For the solutions of problem (26)—(28), the Nusselt numbers are given by

Nu = (4/3)%*C"(0)(Sc Re?)/* & 0.670(Sc Re?)!/*,
(29)

1/4
Nu, = (3/4)Y4C"(0)(Se Reg) " 0.502(Sc Re2 )/,

In this case, problem (26)—(28) was solved numerically. The Reynolds number is given by formula (11), and
the local Reynolds number Re, is defined by formula (11) in which [ is replaced by z. Formulas (29) are
similar to those obtained in [3], where Nusselt number was derived as a function of the Grashof and Prandtl
numbers.

Problem (24), (25) admits self-similarity and, therefore, we seek its solution in the form w; = dv//8y,
we = —0Y/0z, and ¢ = ¢ + (cp — ¢x)C(£), where the function v has the same form as before. Then, for ¥
and C, we obtain the problem

(1-XO)¥" =C, (1-XC)C" = -X\NC')? - uC,

B(0) = —AC'(0), W(0)=0, C(0)=-1, (30)
CE_'—OSO, ‘I}/;&*Um < 00,

where A = 3(cp — ¢.) is the Boussinesq parameter. The formula for the external velocity weo () is similar to
(28).

Problem (30) was solved numerically, and the value of the parameter A was varied from 0 to 0.25
[for A = 0, this problem coincides with (26)—(28)]. For each A, the value of Nu was calculated. Numerical
results are shown in Fig. 1. The straight line is given by the equation InH = 0.990In ) — 1.773 [H =
(Nu(0) — Nu()))(Re?Sc)~/4], and the points represent numerical values. Insignificant deviations of the
numerical points from the straight line appear only at A > 0.15. The physical meaning of A as the relative
deviation from the average density implies that the case of not too large A is of the greatest importance.
Thus, the dependence of the Nusselt number on A can be written as

Nu(A) = (0.670 — 0.169A%990)(Re? Sc) /4. (31)

Formulas (29) and (31) coincide at A = 0, and dependence (31) is nearly linear for other values of A.

Let us determine the thickness of the dynamic-diffusion layer. In classical theory, boundary-layer
thickness is evaluated using the so-called displacement thickness [2]. In our case, a characteristic feature of
the boundary layer is that the concentration c inside the layer differs from the average value, and outside the
layer, ¢ & ¢g. An analog of the displacement thickness 9} is defined by the equality
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[o o]
8% (co — cx) /co—c(a:y
0

Calculations for the self-similar solutions yield

el
xr T

o = W(}/[—C(E)}Cﬁ = Wd(/\)-

In the calculations, the functions d(\) and Ux(A) were determined. They turned out to be nearly
linear. The following formulas hold:

4gAx

5% () = (1.165 + 0.260)) Uoo(z) = (0.884 + 0.020)) (32)

z
(Re2 Se)t/4

It follows from (32) that the total convection rate, which is determined by Uy, is almost independent
of A.

Initial Asymptotic Forms. We consider the asymptotic form of problem (1)—(6) in the time interval
[0,7] as 7 — 0. Then, at small times, the order of magnitude of the velocities is Uy = g3(co — c.)7D/v.
Assuming that x ~ [, y ~ dg = VDT, u~ Uy, v~ 8Ug/l, p~ porUs/l. and ¢ ~ ¢, we see that the convective
terms and the pressure gradient in Eq. (1) are negligible compared to the other terms, i.e., again it is necessary
to adopt the assumption that the buoyancy and viscous forces are of the same order of magnitude. Next, in
Eq. (2), the higher-order terms are (1/p0)0p/8y and v8%v/8y?, and in Eq. (4), they are 8¢/t and Dd%c/8y>.
Thus, we have the system of equations

2
v g—;ﬁ- = gB(c— co); (33)
1 dp 0%v ou Ov
—— =V, —_— = =0
po Oy v oy? Or + Ay ' (34)
de ¢
—=D—.
o o (35)
The initial and boundary conditions for ¢ are given by
C.tzo = Co, c!y:O = Cx, €= Co- (36)
For the velocity components, we specify the attachment condition
, = =0
u‘y:O U‘y:O (37)
and the additional condition
Hm u(t,z,y) = us(t, z) < oo, (38)
y—00

where 1. (£, z) is determined during the solution. Problem (33)-(38) describes the motion in the dynamic-
diffusion layer at small times. The admixture concentration c is obtained from Eq. (35) and conditions (36).
After determining the concentration, it is possible to find the velocity components and the pressure, and the
time appears in the solution as a parameter.

In addition to the asymptotic form considered above, we determine the asymptotic form in the mi-
croconvection problem (7)-(9). Assuming that the buoyancy and viscous forces are of the same order of
magnitude and retaining high-order terms in system (7)-(9), we obtain the system

0%w, dq s Ow, Ows

—852—=95(C—00)~ a—y—*V*a‘;r Y 8_y:0’

(1 - B(c—co))v

0 dc\ 2 0?
g~ 0(5;) =D - Ble- ) g



with the conditions

C‘t 0o O Cl 0 ==
- . (40)
0. w| =8DF| . limun(tz.y) = welt,o) <
w =0, w = —_— y um wiil, x, = w, , o0,
1 =0 2 =0 By ly=0"  vmoo 1 y 0

Problem (35), (36) represents the well-known problem [2] of the smoothing of an initial temperature
jump, whose solution is given by

n
. 2 a2 Y
c=cp+ (e~ c)é{n) =co + 60—c*<—1+~fe°da>, = —=.
o (o ln) =0t (eo= e 1+ 7 n=st=
Next, we can seek the velocity components « and v in the form v = u(t, y) and v = 0, assuming that at small
times they do not depend on the longitudinal coordinate. If we set u(t,y) = 4Dg8(co — ¢« )ti(n) /v, from (33)
7

we obtain the equation ¢ = ¢ or @' = / ¢é(a)da + A. The additional condition (38) implies that @' — 0 as

1 — 00, and, hence,

Taking into account (37), we obtain

4DgB(co —
v

n o
u(t,y) = ) ta(n), a(n) = —//é(a) dodw.
0 w

14

Uso (t) = ——Q‘-M tUs, Uso = ~//é(a) dadw.
0 w

Thus, problem (33)—(38) is solved in quadratures.
In problem (39), (40). we seek self-similar solutions in the form

4DgB(co — ¢x)
v

C(tv y) =co+ (CO - C*)é(n)v w] = U (t7 y) = tU}l(U)» wy = 0.

For 1, and &, we then obtain the problem
(1= X)w" = ¢, (1 = A&)e" = —A(&)? - 2n¢é,
3 ; ) ) (41)
w1(0) =0, é0) = -1, CrT—~_o$0’ wl’QO.
The mass transfer is characterized only by the overall Nusselt number because there is no dependence
on the z coordinate. A numerical solution of problem (41) yields the following formulas for the mass transfer,

the layer thickness, and the velocity in microconvection:
2

I
Nu()) = ——0.344)\0'992)—-——:
u(d) (ﬁ 2vDt’

52 (t) = 2(0.606 — 0.055M)VDE,  uoo(t) = (0.249 — 0.117A)4gt/Sc. (43)

(42)

It follows from (31) and (42) that in the steady regime and at small times, the mass-transfer rate
(dimensionless) decreases as A increases. This is due to various physical factors: an increase in the boundary-
layer thickness during the stabilization process [see (32)] and a decrease in the convection rate at the beginning
of the process [see (43)].
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Conclusions. The problem of mass transfer and free convection near a vertical wall at high Schmidt
numbers was considered. Integral flow characteristics for the Oberbeck-Boussinesq model and the micro-
convection model were compared. For both models, asymptotic forms of the problems were derived for the
steady flow regime and for small times. In the flow region, a dynamic-diffusion layer is distinguished, in which
the buoyancy forces are significant. Outside the layer, the admixture concentration does not differ from the
average.

The structure of the velocity field depends on the Reynolds number. If Re is high, in the flow region
there is a purely dynamic layer with greater asymptotic thickness, whose inner edge is adjacent to the dynamic-
diffusion layer and whose outer edge neighbors the state of rest. For low Re, the Stokes approximation can
be used outside the diffusion layer.

For both convection models, we obtained formulas for Nusselt numbers as functions of the Reynolds
number, the Schmidt number, and the Boussinesq parameter for both the steady regime and for small times.
In the case of convection, these formulas coincide with the well-known formulas obtained previously under
the assumption of intense motion at high Re.
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